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Rigid Rotations
Jed Chapin 

Abstract
We apply elementary Newtonian methods to rotating objects and develop the 
moment of inertia matrix. Then we proceed to the wobble of torque free 
gyroscope precession and other tumbling issues. The analysis of cases where 
angular momentum is not parallel to angular velocity is usually pursued through 
infinitesimal rotations. Here we work with more elementary ideas involving time 
derivatives of rotation matrices.
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Introduction
We will discuss 3-d rotations about the origin on R3 in terms of 3x3 matrices 
with the usual x , y , z basis. The set of matrices that correspond to rigid 
rotations are orthonormal and have determinant +1 (See Appendix B). This 
special rotation group of orthogonal matrices is denoted by SO3 . 

Basic Rotations
In consideration of rotations about the basis vectors, there is a natural 
differentiable parametrization of SO3 from R3 : [s] .  The square 
bracket notation emphasizes the matrix nature of the image of  . The 
parametrization is defined by composing rotations about the three basic 
coordinate axes as:

[s]=[s z][sy] [s x]≡
az −bz 0
bz az 0
0 0 1

ay 0 by

0 1 0
−by 0 ay


1 0 0
0 ax −bx

0 bx ax


Where:

ax=cosx bx=sinx specifies rotation in the y-z plane

ay=cosy by=sin y specifies rotation in the z-x plane

az=cosz bz=sin z specifies rotation in the x-y plane

and =1,2,3=xyz

Note: [s1] [s2]≠[s12] unlike 2-d rotations.

For small values of  the order of application of the [s ∗] ' s , almost doesn't 
matter.

This parametrization covers all of SO3 (See appendix D). But it is only one-to-
one for a smaller rectangular solid region −x , −/2y/2 ,
−z .(See appendix E)
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Paths of Rotations
The velocity and acceleration of a point exposed to continuous rotation can be 
determined from appropriate time derivatives. We express the continuous 
rotation as a path of rotations parametrized by time denoted by [s  t] . We 
express the spacial path of an arbitrary point r 0 exposed to these rotations as
r t =[st  ]r 0  The velocity of the point is the time derivative of its path

̇r t = d
dt
[s  t ]r 0 . 

We simplify our analysis of
d
dt
[st0] by restricting ourselves to the case 

where t0=
0 and we have

[s t0]=[s0]=1 0 0
0 1 0
0 0 1=[1]

Then
d
dt
[st0]=  


−̇zbz −̇z az 0
̇zaz −̇z bz 0
0 0 0

ay 0 −by

0 1 0
by 0 ay


1 0 0
0 ax −bx

0 bx ax



az −bz 0
bz az 0
0 0 1

−̇yby 0 ̇y ay

0 0 0
−̇yay 0 −̇by


1 0 0
0 ax −bx

0 bx ax



az −bz 0
bz az 0
0 0 1

ay 0 −by

0 1 0
by 0 ay


0 0 0
0 −̇x bx −̇x ax

0 ̇ xax −̇x bx

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When t=t0 , 
d
dt [S t0]=

d
dt
[S 0]=  


0 −̇z 0
̇z 0 0
0 0 0

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1


1 0 0
0 1 0
0 0 1

0 0 ̇y

0 0 0
−̇y 0 0

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

0 0 0
0 0 −̇ x

0 ̇x 0 =
0 −̇z ̇y

̇z 0 −̇x

−̇y ̇x 0 
The application of the resulting matrix is equivalent to a cross product (See 
Appendix A). We can naturally superpose the parameter space which is 
isomorphic to R3 on top of the original space R3 with corresponding bases 
were x x , y y , and z z . In this case,  we get:

̇r=v=
d
dt
[s t0]r=̇×r=×r at r=r 0  .

When  is constant, we find that it points along the axis of rotation. 

We have shown that
d
dt
[st0] can be associated with a vector along the 

axis of rotation. However, there are problems  with an analogous vectorial 
association with [s t0] (see Appendix F). 

More strenuous matrix differentiation shows that:

̈r=a=
d2

dt2 [st ]r = × ×r ×r at r=r 0  .

where ≡̈x−̇y ̇z , ̈y̇x ̇z , ̈z−̇x ̇y  (See appendix G)

The two terms of ̈r show centripetal and tangential plus other non-radial 
acceleration. The ̇i ̇ j terms occur when ω⃗ moves away from a coordinate 
axis. 
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The derivative expressions away from from [s0]=[1] are discouragingly 
complicated. Also for a constant angular velocity  ,the parametrized rotation 
given by [s t  ] does not represent uniform rotational motion unless  points
along a coordinate axis. Differential analysis of a tumbling body is managed by 
moving the origin of the coordinate system when derivative expressions are 
required at some point.

Dynamics
Armed with expressions for acceleration, we can work with Newton's second law 
to determine rotational dynamics.

Let F be a force on a mass m at r subject to rotation about the origin.
Then F=m ̈r , and

≡r×F=m r××r mr× × ×r 
  use cyclic identity =−mr×r× −m × ×r ×r −m  ×r ×r×

=−mr×r× −m ×r×r× 

Note that r⃗×( r⃗×α⃗)=[ r⃗× ]
2
α⃗ =− (

y2
+z2

−xy −x z
−x y x2

+z2
−y z

−xz −yz x2
+y2)α⃗

(See appendix A)

Define I≡−m [r× ]
2
=m y2

z2
−xy −x z

−x y x2
z2

−y z
−x z −yz x2

y2 the moment of inertia.

and its associated integral form for continuous distributed mass,

I≡−∫ [r× ]
2
dm=∫ y2

z2
−x y −x z

−x y x2
z2

−y z
−x z −yz x2

y2dm

We get =I×I 

which becomes =I when  is an eigenvector of I
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Moment of Inertia Tensor
The matrix I r  represents a physical property of an object. Its behavior should
not change when expressed in a rotated coordinate system T, in the sense that
I Tr  T =T I r     or equivalently I Tr =T I r  T−1 .

Mathematically this means that the definition of I r  is linear enough. In this 
case, the definition of I r  is founded on cross products which satisfy

Tu×Tv=T u×v for any rotation T. 

In detail

I Tr  T =−m [ Tr × ]
2
T  =−m Tr×Tr×T  

=−m T r×r× =−m T [r× ]
2
=T−m  [r× ]

2  =T I r  

Since I obeys the natural transformation law I Tr =T I r  T−1 for rotations 
T, it is reasonable to extend the definition of I to all coordinate systems using 
the same transformation law, thus create I the tensor.

Energy and Momentum
We define angular momentum as: L≡I 

then =I×L

Kinetic energy for a point mass calculates as:

K=
1
2

m v⋅v=
1
2

m  ×r ⋅×r =−
1
2

m t [×r ]⋅ [r× ] 

=−
1
2

m 
t
[×r ][r×]=−

1
2


t m [r×][r×]=
1
2


tI =
1
2
⋅L

The version using the integral of distributed mass works out the same.

Conservation of Angular Momentum
We have an expression involving torque and angular acceleration. The 
expression for torque and angular momentum is encouragingly simple. In spite of
the possibility of the moment of inertia changing during complicated rotation. 

d
dt
L=

d
dt

I  =−m
d
dt
r×r× =m

d
dt
r×̇r 

=m ̇r×̇rm r×̈r=m r× × ×r ×r 

=−m r× ×r × −m r×r× 
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=m  ×r × ×r m ×r× ×r −m r×r× cyclic identity

=−×m r×r×−m r×r× 

=×I I=    

So, =
d
dt
L and, L is constant when =0 .

Conical Pendulum  Example

The conical pendulum is the simplest case where the angular momentum is not 
parallel to the angular velocity. In the familiar case of a conical pendulum, torque
is provided by gravity to continuously change the direction of the angular 
momentum. In this analysis, we describe the rotation of the system, calculate  
the changing angular momentum, and deduce the corresponding torque

Consider a mass swinging in a circle suspended by a rod. 

For geometrical analysis, one end of the rod is fixed at the origin, and our 
coordinate system has z pointing down. The location of the mass is given by
r=x t , y t , z , where x t=r sin cos tz , y t=r sin sin tz  and
z=r cos=const . In this case, we have =0,0, tz  . Given this motion, we 

can deduce the torque (provided by gravity).

We calculate I at t=0:

I=m y2
z2

−x y −xz
−xy x2

z2
−yz

−xz −y z x2
y2=mr2 cos2

 0 −sin cos
0 1 0

−sin cos 0 sin2
 

So, at t=0, 

L=mr 2 cos2
 0 −sincos

0 1 0
−sincos 0 sin2

  0
0
z
=mr2 sin

−zcos
0

z sin   

Since =0 , We get

=×L=0,0,z×mr 2sin −z cos ,0,z sin 
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=−mr2
z

2 sin cos y

This torque is directed toward the z-axis which we will show is related to the 
expected centripetal force. 

Let r ⊥≡x t ,y t ,0 ,then r⊥=r sin . The mass is traveling in a circle governed 

by a centripetal force given by : F=−m
r⊥

2
z

2

r⊥
x .  Note that

r×F=r cos z × F x=r cos z × −mr sinz
2 x   

=−mr2
z

2 sin cos y=

In this example L and  are not parallel. As time evolves, L moves around
the z-axis with the rotation. 

We can check kinetic energy by calculating:

K=
1
2
⋅L=

1
2
z z ⋅ mr2sin −z cos , 0,zsin 

=
1
2

mr2 sin2
 z

2
=

1
2

mv2
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Principle Axes
The moment of inertia matrix I is positive, because −[r× ]

2 is (see Appendix 
A). Furthermore, it is positive definite if there is some mass in all directions. This 
condition can be stated as:
      For any ≠0 there is some mass density at position r were ×r≠0 .

This rules out cases of rotating an infinitesimally thin rod about its axis.  
So I has three positive eigenvalues 1,2,3  and three corresponding 
orthogonal unit eigenvectors.  e1 , e2 , e3  (usually listed in order of increasing 
eigenvalue). The ± directions of the unit eigenvectors are chosen so that they 
form a right handed coordinate system and the previous sign conventions still 
apply.  When I is calculated relative to the center of mass, the unit 
eigenvectors define the principle axes.

In the torque free case, we find that  does not change when it is an 
eigenvector. This follows from 0==I ×L , so that:

=−I−1 ×L=−I−1  ×I =0

However, we will see later that this rotation is stable only when  points in the 
direction of an extreme eigenvalue, e1 or e3   

If the  e1 , e2 , e3 coordinate system is used for  x , y , z  , I becomes a 
diagonal matrix giving an inequality related to the perpendicular axis theorem.

3=∫ x
2
y2dm≤∫ x2

z2dm∫ y2
z2dm= 21  

Gyroscope Example
Consider a wheel and axle where the axle is initially aligned with x which is the 
principle axis with largest eigenvalue. The other two principle axes span the 
wheel and have equal eigenvalues. As before, we specify the rotational motion of
the body and deduce the torque. We than get an expression for precessional  
frequency.

The axle of the wheel  precesses in the xy-plane and has an associated angular 
velocity given by xy=xxycosz tyxysinz t where z is a constant 
vector parallel to the z-axis and xy is a constant scalar. 

Evidently, the wheel assembly has a changing angular velocity given by
=xyz with ̇=−xxyz sinz tyxyz cosz t orthogonal to the axle. 
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At t = 0 we have, ≡̇x−yz , ̇yxz , ̇z−xy =xyzxyz  y

I has eigenvectors in the three coordinate directions, with last two of them 
equal. 

I=
x 0 0
0 y 0
0 0 z

 and =I=2yzxyz y  

We find that z=


2 yzxy

Momentum-Energy Ratios
Consider an eigenvector  i of I  at a specific time, then

Li
2
=Li⋅

Li=Ii⋅Ii=i
2
 i

2 and Ki=
1
2
i⋅I  i=

1
2
ii

2

The ratio of kinetic energy and angular momentum expression about a principle 

axis must satisfy
Li

2

2K i

=i analogous to Newtonian particle dynamics where

p2

2K
=m

Dumbbell Example
We have a mass m at either end of a rigid rod with length 2r. The analysis of its 
rotation about its center of mass is similar to that of a conical pendulum. This 
example shows the instantaneous change in angular speed when the 
continuously changing torque maintaining an oblique rotation is removed. 

A constantly changing torque is used to force the dumbbell to rotate about its 
center with angular velocity  , where  is at an angle  from the rod. We 
get:

L=2mr2
 sin L

where L is orthogonal to the rod and rotates with the system. Note that
L always points in an eigenvector direction for this very symmetrical 

case.
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Also K=m r2sin2
 

2  , then L2

2K
=2mr 2

=  

We find that the L2
/2K ratio always leads to the only non-degenerate 

eigenvalue. In this idealized case 1=0 and 2=3 . When the constraining 
force is released, the new  must point in the L direction because
L=I =  . Also  decreases because of the new axis of rotation and 

conservation of energy. 

The angular momentum does not determine the kinetic energy, unlike the 
analogous notion in particle dynamics. But, the momentum-energy ratio is 
constrained. 
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Work-Energy Theorem 

In Newtonian particle dynamics, one form of the work-energy theorem is
dK=F⃗⋅d r⃗ . This can be developed from the power and momentum point of 

view as:

d
dt

K=
d
dt (

1
2

v⃗⋅⃗p)=1
2

a⃗⋅⃗p+
1
2

a⃗⋅m v⃗=
1
2

F⃗⋅⃗v+
1
2

v⃗⋅⃗F=F⃗⋅⃗v for any v along any 

path. 

So dK=
d
dt

K dt=F⃗⋅
d r⃗
dt

dt=F⃗⋅d r⃗ along any path.

We will use an analogous approach for the rotational work-energy theorem. Note
the regrouping of a⃗⋅⃗p to ma⃗⋅⃗v . The analogous regrouping for rotational 
dynamics doesn't obviously work. However, when working with eigenvectors of
I , the eigenvalues i can take the role of m. 

Without loss of physical generality consider any path of rotations [s  t ]
where [s 0 ]=[1] and the coordinate axes are aligned with the eigenvectors.

We will work with the i ' th component  i of angular velocity  along a path. 
This amounts to focusing on 2-d rotations about principle axes.

We have
d
dt

K =∑
i

d
dt

Ki where Ki =
1
2
ω⃗i⋅λi ω⃗i =

1
2
ω⃗i⋅⃗Li

We will encounter some issues involving the distinction between  and ̇ ,

To this end consider the three component paths defined by the basic angles:

[sit ]≡ [s i t]

The corresponding component paths [sit ] have the same contributors to 

angular momentum Li and energy Ki as the original path [s  t ] , at t=0, 
because these values only depend on  i

For each component path, the direction of the rotation vector isn't changing, so 

12
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that ̇ i=i . 

Calculation with a component path gives:

d
dt

Ki=
d
dt 

1
2
 ia⋅

Li=1
2
i⋅
Li

1
2
i⋅i=

1
2
i⋅  i

1
2
 i⋅i

=
1
2
 ̇ i⋅i

1
2
i⋅i=

1
2
I i⋅i

1
2
i⋅ i

=
1
2
 i⋅i

1
2
i⋅i=i⋅ i

So dKi=
d
dt

K i dt= i⋅
d i

dt
dt=i⋅d i

 and

dK=
d
dt

K dt=⋅
d
dt

dt=⋅d along the path [s  t ] at t=0.

Momentum-Energy Ratio constraints

For a point mass, the kinetic energy can have only one value for a given 
momentum. The analogous equality doesn't exist for a rotating irregular body,  
however, there are constraints on the ratio L2 / 2K . 

The three principle directions will have three different eigenvalues still satisfying:
Li

2

2K i

=i .  We will show that the eigenvalues 1 and 3 are the extreme 

values on L2
/ 2K . These limits are related to the stability of various modes of 

rotation. 

When rotating about a general axis, we can express the rotational velocity as the
sum of orthogonal eigenvectors =123 (parallel to the principle axes).

 

Then L=I=1 12 23 3=
L1

L2
L3

and L2
=L1

2
L2

2
L3

2
=1

2
1

2
2

2
2

2
3

2
3

2  

where the eigenvalues are ordered by increasing magnitude.
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Also K=
1
2
⋅L=

1
2
11

2
22

2
33

2=K1K2K3

So,

L2

2K
=
1

2
1

2
2

2
2

2
3

2
3

2

11
2
22

2
33

2
=112

2
/1

2 2
2
/1

2 3
2
/1

23
2
/1

2
12 /1 2

2
/1

2 3/13
2
/1

2 ≥1

and

L2

2K
=31

2
/3

2 1
2
/3

22
2
/3

2 2
2
/3

2 1

1 /3 1
2
/3

22/32
2
/3

21 ≤3

We have shown that 1≤
L2

2K
≤3 .by observing that the long fractions above 

are more or less than one according to case.

The solution values of  at extreme eigenvalues are unique (except for ± ). 

But there is a continuum of solutions when 1
L2

2K
3 . 

Torque Free Solution sets for 

When no torque is applied to a tumbling irregular body, the angular momentum 
and energy doesn't change, but the angular velocity can vary. The magnitudes of
energy and momentum put constraints on the possible values of the angular 
velocity. 

For a given K and L , the possible values for  must lie on the concentric 
ellipsoids L2

=1
2
1

2
2

2
2

2
3

2
3

2 and 2K=11
2
22

2
33

2 . 

So, the possible ω⃗ ' s lie on a pair of closed loops defined by the intersection of 
the two (Poinsot's) ellipsoids. 

To get a sense of these curves, we will algebraically project onto the 1, 3 - 
plane by eliminating 2 . 

14
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From angular momentum, we have: 22
2
=

1
2
L2
−1

2
1

2
−3

2
3

2 which we 

substitute into the energy conservation equation and get:

1−1
2/21

23−3
2 /23

2=2K−L2 /2

 and rearrange as

     3 3−2 3
2−1 2−1 1

2=L2−2K2 a hyperbola.

When rotation is about an extreme axis, the hyperbola shrinks into its truncation 
points at the vertices of the ellipses defined by 2K and L2 . 

When rotation is about the axis with eigenvalue 2 , the hyperbola degenerates
into two intersecting lines. In this case L2

/ 2K = 2 .

When the object is symmetric about one of its axes (for example 1=2 ), the 
hyperbola degenerates into two parallel lines.

Stability of Rotation about Extreme Axes

For an an angular velocity which is initially close to an extreme principle axis, it 
will remain close to the same axis, This is because of the hyperbolic constraint 
on  near an extreme direction. 

For an algebraic example , consider the case where  is initially almost parallel
to e3  in the sense that:

1
2

3
2
  and

2
2

3
2
  and

1
2

3
2 is small enough that 0≤L2

−2K2   

We can show algebraically that:

15
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If  1

1
2

3
2
2

2
2

3
2
 L  initially, 

then any subsequent angular velocity s satisfies

 1

s1
2

s3
2
2

s1
2

s3
2
≤ C L  

where C=
2K

3
2 L2

−2K2
, a constant (See Appendix H) . 

So s remains almost parallel to e3 .  

Example: Torque Free Precession  (nutation)

Having shown that  is constrained to a pair of curves, we show that    
actually moves along the constraint curve by considering  . 

In this example, 1=2 3 .and we think of a wheel with its axis along e3  .

We will show that a point on the wheel axis undergoes uniform circular motion 
around L . 

We consider the wheel at any instant in time and find the coordinate system 
defined by the eigenvectors  e1, e2, e3

Because 1=2 all vectors orthogonal to e3 are eigenvectors, we are free to 
choose e1 and e2 as e1=

L×e3 and e2=e3×e1 with 1=0 .

Then L=0,22 ,33

Let r 3≡e3 be the unit vector on the wheel axis. Then ̇r 3=2 ,0 ,0 .

After determining  we can find ̈r 3 as

̈r 3=20 ,
3

1

3 ,−2 (See Appendix I).
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So ̇r 3 , ̈r 3 and L are mutually orthogonal with ̈r 3 pointing toward L

because ̈r 3⋅L−r 3=2
2 0 .

If r 3 is revolving around L its radius  must be given by

2=∥r 3∥
2
−
L⋅r 3

L2 =1−
L3

2

L2=
1

2
2

2

2
2
2

2
3

2
3

2

To show that  , ∥̇r 3∥ and ∥̈r 3∥ have the correct relationship for uniform 
circular motion we calculate 


2∥̈r 3∥

2
=

1
2
2

2

1
2
2

2
3

2
3

2

2
2 3

2
3

2
1

2
2

2
1

2 =∥̇r 3∥
4

So, we have uniform circular motion and the angular precession is given by:

p
2=
∥̇r 3∥

2


2 =2

2 L2

L2
−L3

2=
L2

1
2

which only changes with energy.

For large L, it gets harder to produce the initial conditions to demonstrate this 
motion. 

Symmetry allows us to use the above calculations at any point in its motion.

Observe that this torque free motion can be superposed on any motion that 
includes torque. This motion superposed on a gyroscope experiencing 
gravitational torque is usually called nutation. 

Example: Degenerate Rotation of a Sphere 

When all three eigenvalues are the same, any vector is an eigenvector and the 
constraints given by L2 and 2K do not explain the stable rotation of a symmetric
object.  However, if we examine the time derivative of the unit vector on the axis 
of rotation r =  , we find that ̇r =0 for any choice of  (See Appendix I).
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Conclusion

We have described rigid rotation effects in terms of the direct dynamics of 
individual points of a rotating body. There are more general ways of treating the 
same material with Hamiltonian or Lagrangian techniques.  

Appendix A: Cross Products

The cross product of two vectors (or vector product) results in a new vector 
perpendicular to the plane defined by the original two vectors (using the right 
hand rule). 

The magnitude is given by ∥r×v∥=∥r∥∥v∥sin and is the area of the 
parallelogram spanned by r and v .

In Cartesian coordinates

r×v=r 2v3−r3 v2 , r3 v1−r1v3 , r1v2−r2 v1 

Cyclic Identity  (usually used to manipulate nested cross products). 

a×b×c  b×c×a  c×a×b = 0  

Matrix Version (useful for mixed matrix and vector expressions)

r×v =  0 −z y
z 0 −x
−y x 0  v ≡ [r× ] v and v×r = v t 0 −z y

z 0 −x
−y x 0 ≡ vt [×r ]

note that [r× ]=[×r ] is used differently in left and right multiplication

also r×r×v=[r× ]
2
v = −y2

−z2 xy xz
xy −x2

−z2 yz
xz yz −x2

−y2 v
Furthermore −[r× ]

2 is positive because

−v t [r× ]
2
v =−v×r ⋅r×v= v×r 

2
≥ 0
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Appendix B: Isometries and 3x3 matrices

We think of rigid rotations as transformations that keep one point fixed and 
relative distances don't change. There is the further restriction that a rotated axis 
system doesn't change its relative orientation. This is expressed as preservation 
of the right hand rule for a system of axes. 

It is clear that every [s ]∈SO3 is a rigid rotation. We will show that every rotation
can be expressed as an element of SO3 , 

Consider a rigid rotation as a map T :R3R3 that preserves distances and the 
right-hand rule. Then angles are preserved because transformed triangles are 
congruent. This means dot products are preserved because:

T u ⋅T v =∥T u ∥∥T v ∥cos=∥u∥∥v∥cos=u⋅v .

Similarly cross products are preserved, in the sense that T u×v = T u ×T v  .

To show that T is linear, consider the two bases ei and T  ei   Then use the 
bi-linearity of dot products.

T uv ⋅T  ei=uv ⋅ei=u⋅eiv⋅ei=T u ⋅T  eiT v ⋅T  ei

So, T uv=T u T v  , showing that T is linear and can be represented 
as a 3x3 matrix. 

Now the 3x3 matrix that represents T must be orthonormal with determinant +1 
because of preservation of cross product magnitudes and the right-hand rule.

So, T∈SO3

Appendix C:  Euler's Rotation Theorem
Any non-trivial element [s]∈SO3 has an axis of rotation essentially because 
there is at least one real positive eigenvalue. 

Note that the characteristic polynomial of [s] is a cubic polynomial given by:
P=∣[s]−[1]∣

We know that it has one real root, but it may be negative. However, the leading 
coefficient is negative so that P−∞ as ∞ . Also P0=1 . So, 
there is a positive root.

The presence of an axis of rotation is independent of alternative orthonormal 
bases as long as the right hand rule doesn't change. So, we can choose an 
orthonormal (with determinant +1) transformation T to transform coordinates 
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so that , T−1 [s ]T=
1 c12 c13

0 c22 c23

0 c32 c33
=

1 0 0
0 c22 c23

0 c32 c33


  where we used the orthonormality of the matrices and 10

The sub-matrix c22 c23

c32 c33
 is orthonormal with determinant +1.

So, T−1 [s]T represents a rotation about the x-axis. Also T x is the axis of 
rotation of [s ] because it remains stationary under the rotation [s ]  as shown 
by the calculation:
[s ]T x=T T−1 [s]T  x=T x

Appendix D: The Standard Parametrization is Onto
Although it seems obvious that every [s] ∈SO3 is in the range of [s] , it 
takes some busy work to show. 

Let [s]=
s11 s12 s13

s21 s22 s23

s31 s32 s33
 ∈ SO3

We will invert [s] by finding a sequence of basic rotations and get 

[cx ][cy ][cz ][s]=1 0 0
0 1 0
0 0 1

Inverting this composition, gives the required elementary rotations. 

if s11
2
s21

2
≠0 let

a21=
s11

s11
2
s21

2
b21=

s21

s11
2
s21

2 [cz ]=
a21 b21 0
−b21 a21 0

0 0 1
Then [cz ] [s]=

s11z s12z s13z

0 s22z s23z

s31 s32 s33
 with s11z0 and s11

2
s31z

2
=1
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To determine [cy ]  let   

a31=s11z b31=s31 [cy ]=
a31 0 b31

0 1 0
−b31 0 a31



Then [cy ] [cz ] [s]=
s11y s12y s13y

0 s22z s23z

0 s32y s33y
=

1 0 0
0 s22z s23z

0 s32y s33y
  

because of orthonormality and s11y0  

if s11
2
s21

2
=0 then s31

2
=1 . 

let [cz ]=1 0 0
0 1 0
0 0 1 and [cy ]=

0 0 s31

0 1 0
−s31 0 0 

then

[cy ] [cz ] [s]=
1 s12y s13y

s21z s22z s23z

s31y s32y s33y
=

1 0 0
0 s22z s23z

0 s32y s33y
 because of orthonormality

We have s22z
2
s32y

2
=1  let

a32=s22z b32=s32y [cx ]=
1 0 0
0 a32 b32

0 −b23 a32


Then [cx ][cy ][cz ][s]=
1 0 0
0 1 s23x

0 0 s33x
=

1 0 0
0 1 0
0 0 1  

because of orthonormality and determinant +1

So we get [s]=[cz ]
−1
[cy ]

−1
[cx ]

−1
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The the angles for the basic rotations can be determined from the a∗ ' s and
b∗ ' s which represent cos's and sin's. Inverting these rotations is accomplished

by negating the angles. 

The axis of rotation of [s] is usually not given by  .

Appendix E: The Standard Parametrization is Locally One-to-One

[s ]=
az −bz 0
bz az 0
0 0 1

ay 0 by

0 1 0
−by 0 ay


1 0 0
0 ax −bx

0 bx ax


=
ay az azbx by−ax bz ax azbybx bz

ay bz bxbybzax az axbybz−azbx

−by ay bx ax ay


Counterexample

Note that the parametrization is not one-to-one for a line of  ' s where
y=/2 . Consider = , /2 ,  then by=1 , ay=0 and

[s ]=
0 azbx−ax bz ax azbx bz

0 bx bzax az axbz−azbx

−1 0 0 = 0 −sin − 1
0 1 sin−
−1 0 0 

= 0 0 1
0 1 0
−1 0 0 for any 

This example is related to gimbal lock.

We note further that [sx− , −y , z−]=[sx ,y ,z]

The one-to-one region

Consider the region −x , −/2y/2 , −z containing
1 and 2 . Suppose [s1]=[s 2] , and we consider the first column and 
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last row of [s] .

 Then, we have b1y=b2y and we get 1y=2y , because we are restricted to a 
region where by=sin y is one-to-one.

Also, we are in a region where ay=cosy≠0 and we deduce that

a1z=a2z , b1z=b2z , b1x=b2x , a1x=a2x .

So we have 1x=2x and 1z=2z because the ±2n terms are disallowed.

Appendix F: Rotation Vectors

It is sometimes convenient to express rotational quantities as vectors along the 
axis of rotation. This can lead to mathematical inconsistency. 

For r t =[s  t ]r0 we have shown that ̇r=̇×r 0

However, an analogous expression for displacement r=×r 0 is only 
approximately valid for small  .

And the analogous expression for tangential acceleration ̈r=̈×r 0 is only valid 

when ̈  is parallel to one of the coordinate axes. 

In this presentation,  we distinguish between:
the parameter space where ∈R3 a vector space

the space of rotations where [s ]∈SO3 a set of matrices

the physical space where r∈R3 a vector space

Apparently ̇ is the only quantity that passes from the parameter space, 
through the rotation space into physical space without trouble.  

It is already clear that although  is a vector in the parameter space, [s ] is 
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not a vector because of the non-linear map. Although ̇ is a vector in the 
parameter space, we need a reason why it is a vector in the physical space.

Because of the 3-d parametrization, we can view SO3 as a 3-d manifold 

embedded in the 9-d space of 3x3 matrices. In this view,
d
dt [s

 t0] is a 

vector in the 3-d tangent plane of SO3 .  When  t0 =[1] , the parameter 
space can be identified with the tangent plane.

So, we can use relaxed notation and associate
d
dt [s

 t0] and ̇ t0   

When we superpose the parameter space over the physical space with aligned 
axes, It would be more precise to say that we are superposing the tangent space
of SO3 .  So we find that ̇ t0  can be treated like a vector in the physical 
space. 

We get an approximate similar result for ≈0 where the tangent plane is close 

to SO3 . We do not get a simple result for ̈ t0  because of the curvature of
SO3 .   

Incidentally, we have shown that the tangent spaces to SO3 are the 3x3 skew 
symmetric matrices.   
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Appendix G: Second Derivative of a Path

We are calculating a second derivative of a path at t=t0 where t0=
0 . 

The six terms of the second derivative of the product of the three basic rotations 
can be expressed as:

d2

dt2 [s t0]=s̈z sysxsz s̈ysxsz sy s̈x2sz ṡy ṡx2 ṡz sy ṡx2 ṡz ṡysx

Expanding by chain rules give:

ṡ∗=̇∗
d

d∗
s∗ s̈∗=̈∗

d
d∗

s∗̇∗
2 d2

d∗
2 s∗=̈∗

d
d∗

s∗−̇∗
2 s∗

Evaluating the derivatives at t0=
0 gives:

d
dx

sx∣0=
0 0 0
0 −bx −ax

0 ax −bx
∣

0

=0 0 0
0 0 −1
0 1 0  d

d∗
s∗∣0= ⋅ ⋅ ⋅

ṡx∣0=̇x
d

dx

sx∣0=
0 0 0
0 0 −̇x

0 ̇x 0  ṡ∗∣0= ⋅ ⋅ ⋅

̈x
d

dx

sx∣0=
0 0 0
0 0 −̈x

0 ̈x 0  ̈∗
d

d∗
s∗∣0= ⋅ ⋅ ⋅

sx∣0≡
0 0 0
0 ax −bx

0 bx ax
∣

0

=0 0 0
0 1 0
0 0 1  s∗∣0≡ ⋅ ⋅ ⋅

̇x
2 sx∣0=

0 0 0
0 ̇x

2 0

0 0 ̇ x
2 ̇∗

2 s∗∣0= ⋅ ⋅ ⋅
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Summing the matrix expressions give:

∑ ̈∗
d

d∗
s∗∣0=

0 −̈z ̈y

̈z 0 −̈x

−̈y ̈x 0 =[̈× ]

∑ ̇∗
2
s∗∣0=

̇y
2
̇z

2 0 0

0 ̇ x
2
̇z

2 0

0 0 ̇x
2
̇y

2
The ṡi ṡ j∣0 terms require more attention

ṡy ṡx ∣0=
0 0 ̇y

0 0 0
−̇y 0 0 

0 0 0
0 0 −̇x

0 ̇x 0 =
0 ̇x ̇y 0
0 0 0
0 0 0

ṡz ṡx ∣0=
0 −̇z 0
̇z 0 0
0 0 0

0 0 0
0 0 −̇x

0 ̇x 0 =
0 0 ̇x ̇z

0 0 0
0 0 0 

ṡz ṡy ∣0=
0 −̇z 0
̇z 0 0
0 0 0

0 0 ̇y

0 0 0
−̇y 0 0 =

0 0 0
0 0 ̇y ̇z

0 0 0 
giving

∑ ṡi ṡ j∣0=
0 ̇x ̇y ̇x ̇z

0 0 ̇y̇z

0 0 0 ≡
0 ̇xy ̇xz

0 0 ̇yz

0 0 0  compressing notation. 

We are ready to reduce

d2

dt2 [s t0]=∑ ̈∗
d

d∗
s∗∣0−∑ ̇∗

2 s∗∣02∑ ṡi ṡ j ∣0

The last sum will be divided into two parts and absorbed into the first two sums.
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2∑ ṡi ṡ j∣0=2 
0 ̇xy ̇xz

0 0 ̇yz

0 0 0 =
0 ̇xy ̇xz

̇xy 0 ̇yz

̇xz ̇yz 0 
0 ̇xy ̇xz

−̇xy 0 ̇yz

−̇xz −̇yz 0 
The new first sum becomes:

∑ ̈∗
d

d∗
s∗∣0

0 ̇xy ̇xz

−̇xy 0 ̇yz

−̇xz −̇yz 0 =[̈× ]
0 ̇xy ̇xz

−̇xy 0 ̇yz

−̇xz −̇yz 0 =[× ]

where ≡̈x−̇y ̇z , ̈y̇x ̇z , ̈z−̇x ̇y 

The ̇ i ̇j terms contribute to the changing direction of   

The new second sum becomes:

−∑ ̇∗
2 s∗∣0

0 ̇xy ̇xz

̇xy 0 ̇yz

̇xz ̇yz 0 =
−̇y

2
−̇z

2
̇xy ̇xz

̇ xy −̇x
2
−̇z

2
̇yz

̇ xz ̇yz −̇ x
2
−̇y

2=[ × ]2

So
d2

dt2 [s t0]=[× ][ × ]
2
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Appendix H: Torque Free bounds on s3

We consider the case where L2
−2K2  0 and  initially satisfies

1

1
2

3
2
2

2
2

3
2
 L

We will show that any subsequent point satisfies 

1

s1
2

s3
2
2

s2
2

s3
2
≤ CL where C is a constant. 

 

Any subsequent angular velocity s projects onto the hyperbola

   3 3−2 s3
2
−1 2−1 s1

2
=L2

−2K2

and we have
L2
−2K2

3−2

≤3s3
2

so that 1s1
2
2s2

2
= 2K−3s3

2
≤ 2K−

L2
−2K2

3−2

We compute a bound on this expression from the initial condition 

1s1
2
2s2

2
≤ 2K−

L2
−2K2

3−2

=
2K 3−2 −L

2
−2K2

3−2

=
32K−L2

3−2

=
23−22

2
1 3−11

2

3−2

=22
2

3−1

3−2

11
2
≤
3−1

3−2
22

2
11

2 

Finally

1

s1
2

s3
2 2

s2
2

s3
2 ≤

3−1

3−2 2

2
2

3
21

1
2

3
2  3

2

s3
2

≤
3−1

3−2

L 2K
3  3−2

3 L
2
−2K2=

2K

3
2 L2

−2K2 
L
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Appendix I: Summary of Derivatives of Angular Velocity

When the coordinate system is aligned with the principle axes,  

L=11 ,22 ,33

Using 0=I×I  we can calculate  .

=I
−1 I ×=I−111 ,22 ,33×1 ,2 ,3 

=I−1 2−323 , 3−113 , 1−2 12

=− 3−2
1

23 ,
3−1 
2

13 , −
2−1
3

12
=̇1−23 , ̇213 , ̇3−12

For the unit vector on the axis of rotation r ≡  we can calculate its 
acceleration as

̈r =× ×r ×̈r=×r

=
1
 −

3−2 
1

23

3−1
2

13 −
2−1 
3

12

1 2 3

e1
e2

e3


= 3−1 

2
13

2

2−1 
3

12
2 ,

3−2
1

23
2
−
2−1
3

1
2
2 ,

−
3−2
1

2
2
3−

3−1
2

1
2
3

For the unit vector on the axis associated with 3 denoted as r 3=e3 ,we can 
calculate its acceleration as

̈r 3=××r3×r3
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=×
1 2 3

0 0 1
e1 e2 e3


 −

3−2
1

23

3−1
2

13 −
2−1
3

12

0 0 1
e1 e2 e3


=
1 2 3

2 −1 0
e1

e2
e3
  3−1

2

13 ,
3−2
1

23 , 0

=13 , 23 ,−1
2
−2

2  3−1
2

13 ,
3−2
1

23 , 0
= 32−1

2

13 ,
31−2 

1

23 ,−1
2
−2

2

For the case: 1=2 we get simplified terms resulting from 1−2=0

̈r =
1
1

3−113
2 , 3−123

2 , −3−1 2
2
31

2
2

=
3−1
1

13
2 , 23

2 , −2
2
31

2
2

̈r 3=3

1

13 ,
3

1

23 ,−1
2
−2

2

For the case: 1=2=3 , all the terms in  contain differences in eigenvalues
as factors. So

=0
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Appendix J: Math Summary

Parametrize SO3 from R3 : [s] as:

[s]=
az −bz 0
bz az 0
0 0 1

ay 0 by

0 1 0
−by 0 ay


1 0 0
0 ax −bx

0 bx ax


Where the a∗ ' s and b∗ ' s are cos's and sin's of ∗ 's . 

We get v=̇r=
d
dt
[s  t ]r=̇×r=×r for t =0

a=̈r=
d2

dt2 [st ]r=× ×r ×r

where ≡̈x−̇y ̇z , ̈y̇x ̇z , ̈z−̇x ̇y 

Starting with F=m ̈r , get ≡r×F=r×m ̈r=−mr×r× −m ×r×r× 

Define the matrix

   I≡−m [r× ]
2
=m

y2
z2

−xy −x r z

−x y x2
z2

−y z
−x z −yz x2

y2  and its integral version 

to get

 

=I×I  I Tr =T I r  T−1

Define L≡I  , then =
d
dt
L  

Also Krot=
1
2
ω⃗Iω⃗=

1
2
ω⃗⋅⃗L ,

d
dt

Krot=τ⃗⋅ω⃗ and dKrot=τ⃗⋅d θ⃗

1≤
L2

2K
≤3   =−I−1 ×L=−I−1  ×I   d

dt
I =×L
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 Appendix K: Reference from Goldstein

This is a quote from the references from Goldstein at the end of the chapter on 
the equations of motion of a rigid body, chap 5 pg . 179-180. It indicates the 
large scope of rigid body topics
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