Deriving the Maxwell Stress-Energy Tensor

Prologue

The expression of the Maxwell stress-energy tensor in terms of the Faraday force tensor has
been in common use since the mid twentieth century. | felt compelled to tell a story that gives
the illusion of a clear mathematical path that anyone would follow when discovering the
Maxwell stress-energy tensor. For some engaging physical insight around this topic, consider
Misner, Thorne and Wheeler's book on Gravitation.

This presentation might be of interest to physics students who have been exposed to the
classical derivation of the Maxwell stress-energy tensor and have a hunger for the
mathematical unity of electrodynamics expressed in terms of differential forms. This might
also be of interest to mathematics students studying differential geometry. It shows how
differential forms are useful to physicists.

This is an "onion skin" style of presentation where the main line of thinking is in the body, with
details in appendices.

Introduction
We will be examining the 4x4 Maxwell stress-energy tensor in terms of the doubly covariant
4x4 electric Faraday field tensor F.

We are guided by the traditional 3x3 Maxwell stress tensor that is used for calculating force
volume density in terms of the electric and magnetic fields and their derivatives. Historically, it
is derived by starting with the Lorentz force law involving the fields together with the charge
and current density. Then Maxwell's equations are used to replace the charge and current
density with derivatives of the fields. After applying some tricky vector calculus identities we
wind up with the Maxwell stress tensor where the divergence of rows give the components of
force density, in terms of the fields and their derivatives.

The Maxwell stress-energy tensor is especially useful in the context of general relativity.
Instead of using vector calculus, we will use properties of differential forms, exterior
derivatives and the Hodge star. Many of these properties are special to 4-d space-time and
the Minkowski metric.
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Starting with Force Density _
Using Einstein notation, we can express the Lorentz force law as f,=F,J’ . Here the doubly
covariant electromagnetic Faraday field tensor F is expressed in matrix notation as:

0 -E, -E -E

F_[EB 0 B B
'"|E, -B, 0 B

z

This differential form (of order two) can be expressed in wedge notation as:
F=—-E.dtAadx — E,dtAdy — E,dtAdz + B,dxAdy — B,dxAdz + B,dyAdz

Y

i |J
The contravariant vector J= J | s the charge-current density.
y
J

z

The time component of covariant force is classical power loss f,=-E-J

Maxwell's Equations
Classical Maxwell's equations can be expressed as:
- T . = = 1z -
VB=0, VxE+B=0, VE=upc’=5 and VxB-—E=u]

We will express them as:
dF =0 and *d*F =uqd,

The charge-current density vector J is expressed in its lower index form, making it a
differential form of order one. J, = (—p c?J,J,,J )

1 ¥xr Yy Yz

Here, d is the exterior derivative. The Hodge star operation (*) depends on the Minkowski
metric and calculates as:

*

dtadx)=—1/c dyAdz

xdt = —1/c dxAdyAdz *Edt/\dy) — 1/c dxAdz *dxAdyAdz) = —cdt

xdx = —cdtAdyAdz s(dtadz) = —1/c dxady  *dtadyadz]=—1/c dx

*dy = cdtAdxAdz +/dxAdy) = cdtadz *(dtAdxAdz) = 1/c dy

*dz = —cdtAdxAdy *(dxAdz) = —cdtady *(dtAdxAdy) = —1/c dz
(

x(dyAdz) = cdtadx

*(dtAdxAdyadz)=—-1/c %1 =cdtAdxAadyAdz
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The Goal
We seek an order two symmetric tensor where:
it is doubly covariant
xd * of the rows are force
the time derivative of the space coordinates of the top row represent force
The t-t coordinate is energy density times ¢?
It is nice enough to be used as a basic solution to boundary valued problems.

The result will be that the Maxwell stress-energy tensor can be expressed as:

O = ZLM(<Fi’Fj>+<(*F)i’(*F)j>)
About xd *

Fora 1-form % | think of *d * as the covariant version of the divergence. It calculates as:

+d %0 = —a—o‘: = a—O(:<dxi,dxi> = (d(ai)).<dxi,dxi>
oX T 0X i v

Note that d of a scalar is the ordinary gradient.

The inner product expression for differential forms (,) depends on the Minkowski metric and
is employed as an alternative way to express raising an index.

For the time variable it evaluates as (dt,dt)=—1/c”

For a space variable the evaluation is like (dx,dx) =1

In summary, the exterior derivative of a 1-form is obtained by raising its index and negating its
ordinary divergence.

For a 2-form like F; , think of *d xF as taking the divergence and curl of the fields
expressed in F.

In general, *d =« results in a differential form with one less degree.
In Minkowski space, the i component of *d xF calculates as
oF, .
(%d *F ) = —5 = ; [dF){dx,dx’)

Note that the components of *d xF are almost the same as *d x of the rows of F.
[*d *F, = —+d «(F|

Here, F, isthe 1-form made from the "

row of F.
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Derivatives of the Fields are Proxies for the Stuff
We will use Maxwell's in-homogeneous equation (*d *F)k = uyJy to express force without
explicit reference to charge or current (the stuff).

1
Tl

, *xd *F) = 1 prh

i 1
d*F} = (F,
(* *) < MO i aXr

— |-
f=FJ = - (F,

This looks like a term in the derivative of a product.

Products of F and Divergence
Given that, we want to take the derivative of a product and our product is symmetric lets look

at F“F, = [<Fi, Fj>] . We are viewing the product as an array of inner products of rows of F.

We take the divergence of a row and see what happens.
wd #[(FF ) = =2 (d[(FF)]) laxdx') = =X ([dF, ) F ot Fy[dF ) (dx®, dx ) (dx!, dx)
i

v vt
jk

= ; <dFik ’ Fk><dx", dxk> + <Fi , *d *F> This almost expresses force.

In terms of t_he fields:

E? —E,B,+E,B, E.B,—E,B, ~E,B,+E,B,

F.F) = —E,B,+E,B, —Ei/c2+2B§+B§ —Eszyzlcz—szBzx —EXEZ/cz—BZBX
E,B,—-E,B, —E,E,/c*-B,B, —E./c*+B:+B; -E,E,/c’*~B,B,

-E,B,+E,B, —E,E,/c’-B,B, —E,E,/c’~-B,B, —E./c*+B+B;

The above tensor has E? where energy should be. What about B* ?
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Hodge Star and B
One of the features of the Hodge star and F is that it reverses the roles of E and B.

0 cB, cB, cB,
-cB, 0 1/ce, —1/cE,

*F =
—cB, —1/cE, 0  1/cE,
—cB, 1/cE, —1/cE, 0
Then
c’B? E,B,—E,B, ~E,B,+E,B, E,B,—E,B,
E,B,~E,B, —BX+(EZ+E |l -B,B,~E,EJ/c’ -B,B,~E,E,/c’
[<(*F)i,(*F)j>]:
~E,B,+E,B, -B,B—EE/c* —BXt|E? +E) ~B,B,~E,E,/c’
E,B,~E,B, -B,B,~E,E/c® -B,B,~EE/c’® —B? (E§+Ez)

Considering Energy

1 (B
Note energy density T= —+B

2Mo

We would like o,=c’T

This tells that we should set the coordinates of the stress-energy tensor to be :

0= 5 [Fu )+ ([<F ) [+F )

Divergence of a Row

A row of sigma can be expressed as: ©; = ZLMO(KF,,FM [<(*F),(*F)J>]I)
We wish to calculate: *d *o;

So far, we have:
xd #{(F,F,)] = 2 (., Fo)(dx, dx*) + (F, , xd *F)

17 j

Substituting *F for F, we get:
*d *[<(*F)i’(*F)i>]i = zk: (d[*F ), (*F))(dx*, dx*) — ([+F) , *dF)

Adding the two sums on the left is tricky. (see Appendix C: Row Detail)
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But, it gives us what we want:
; (dF,, Fk><dx",dxk>+zk: (d(*F) , (+F))(dx*,dx") = (F,, *d«F )~{(*F];, *dF)

This results in obtaining a force component:
1
*xd x0, = —|2(F,, *dxF)—2((xF};, *dF
0,= g, (2(Fy, #d+F)=2{[+F} , =dF ]

1

, xd *F) =T,

We're Done

We have found our tensor where *d xo;=f; . Out of the continuum of tensors that satisfy
this relation, we like this one because of the symmetry of E and B, and it goes to zero at large
distances from all charge and current. Furthermore *d *o;= 0 where there is no charge or
current.

To use this in the context of general relativity, include momentum and density on the first row
and column. Then =*d*o;= 0 everywhere. Raise both indecies for use with the Einstein field
equations. This could be used in the context of a rotating neutron star with some extra
protons.
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Appendix A: Hodge Star

The Hodge star operation on a differential form is similar in spirit to finding an orthogonal
subspace. You are invisibly using the star operation, when a vector field is used in the context
of flux integration through a surface rather than line integration along a path.

The metric of the space is involved with the star operation because of its role in integration.

If F is a k-form in n-space, *F is an (n-k)-form.

We are working in Minkowski space where the defining expression for the Hodge star is
oA*0 = (w,w)v/g dtAdxAdyAdz . This definition assures its linear and tensorial nature.

Here, Vg=c and the Minkowski metric is embedded in the definition of (w,®) .

Hodge Star of a 3-Form ' '
Consider a simple 3-form, ® = w;, dx'Adx' Adx"

Then, {(0,0)= oZ{dx',dx’)(dx’, dx’){dx",dx")
Choose the index p that is different from i,j k.
Then *m = wy (dx,dx’) {dx!, dx)) (dx*,dx") e, Vg dx?

{dx,dx') (dx!, dx) {dx*, dx¥) (dx”, dx?) —
= (’Oijk <dxp’dxp> Eijkp\/g pr - wijkmeijkp

Here € is =1 according to the permutation of ijkp
In our case the signature of g is given by sgn(g) = -1.

Hodge Star of a 2-Form

We apply the definition of the Hodge star to a basic 2-form and get:
*(dx'/\dx’) = eiqu<dx',dx'> {dx),dx))Vg dx®Adx®

Here we have chosen the two indecies p and q that are different from i and j. The order of
choice of p and g can result in a flipped sign. This ambiguity is resolved by €ipq .

0 cF,, —cF,, cF,
«F = —cF,, 0 —1/cF, 1/cF,
cF, 1/cF, 0 —1/cF,,

—cF,, —1/cF, 1/cF, 0
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Note that any expression that is true for a 2-form F is also true by replacing F with *F |
and reducing **F to -F (in Minkowski space).

Denoting the Combinatorics of a 2-Form
We see that the star operation on a 2-form mixes the elements and introduces coefficients.

We denote this by: (*F )=y, Foq
We also get that: F; = sgn(g)y;p,, (*F)pq

Apply our previous representation of *F a_nd get:_ _ . |
*(qu pr/\qu) = quij<pr, dx®){dx?,dx?) Vg Fodx'Adx = (+F);dx'Adx’

Sgn (g> Eiqu
(dx',dx')(dx!, dx/) Vg

Then set; Yipq = €ipq \dX°,dx°)(dx?,dx) Vg =

Note €jpq = €pqj
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Appendix B: Inner Products and Derivatives

For a 2-form F, there are similarities in the pattern of the terms in *F and *dF . Thisis
surprising because *F is a 2-form and *dF is a 1-form. The similarity in pattern manifests
itself in an inner product expression:

(xdA,(¥B}) = sgn(g)zkj (dAij)kBjk<dxk,dxk><dxj,dxj>+zj: (d(*Al),(dx, dx')(+BJ;(dx', dx/)

This appendix derives the above expression.

Calculating the Co-Derivative of a 2-Form
We will be using expressions:

(*dF), = _; (d(*F)jk)k<ka: dx") and |*dxF) = ; (dij)k<ka’ka>

To prove these expressions we will show:
#{(dF )y X AdxIAdX®] = — 3 (d[#F |y [dx®, dx ) dx?
k

for a single component of *dF assuming i<j<k

We have:

0 ij 0 Fik 0 FIJ
ox i ox T ox*

(dF)ijk = Gk

*((dF)ijkdxi/\dxj/\dxk)z eijkaFj.kJrejikaF”.‘JrekijaFE sgn(g) Sk gxP
ox* | (dx", dx")Vg

oF. 0 i
note: E(J'h = Sgn(Q) Xjkpi(4-)p_I

o[*F); o(*F|,, ol +F| €
:(e"”"kpiaixip““kyikm ol Y axkpk <dxp,$kxpp>@ e

_ Cijk  pilk 5(*F)pi+ €iik € pik a(*F)pj+ €xij € pri O *F
(dx),dx){dx*,dx*) ox"  (dx,dx')(dx*,dx*) &x'  (dx',dx)(dx),dx/) &x"

sig (9) €iikp dx®
(dxP,dx?) Vg *
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Note: € € = Ejik Ejic = €xij€pij AN (€ Epije| Eijep = — 1

_ 1 Ol +Fly 1 Ol xFly 1 0 [*F
ldx!, dx!) (dxX,dx*)  ax' (dx',dx')(dx*,dx*) ox’  (dx',dx)(dx’,dx/} &x"

(< sig(g) dxp)

dx®,dx") Vg’

= — > (d(*F )y [dx*, dx") dx®

k

Calculating the Inner Product of 2-Forms with the Co-Derivative
<*d A’(*B)i> = _Z (z (d (*A)jk)k<dxk’dxk>)(*B)ij<de’de>
j k

:_Z,-: (g (d(*A)jk)k<dxk,dxk>)(*B)ij<dxj,dxj>—Z (d[*A),};(dx’,dx’)(+BJ,(dx],dx’)

segregating the k=i terms facilitates Hodge star combinatorics

= _Z (dAip)k BkajkipYijpk<ka,dxk><dxj’dxj>_z (d(*A)ji)i<dXi,dXi>(*B)ij<de’de>

jk J
note: Yip Yipk = €ipik € ..sgn(g)<dxp’dxp><dxk,dxk>
: jkip & ijpk ipjk < pkij <de,de><ka,ka>

=sgn(g) Y. (dA,) B, dx", dx*){dx", dx’)— D" [d[*Al;}(dx', dx ) [+B);(dx,dx’)

pk j
ki

Rewrite, denoting the p index with j:
(xdA,(xB}) = sgn(g) X [dA}, B, dx*, dx*)(dx’,dx’)+ > (d(*A}),(dx', dx')(«B];(dx’,dx’)

i :
We also get:
—(*d*A,B,) = sgn(g) X (d[*Al;J [ +Bl,(dx*,dx")(dx,dx’)+ X [dA;){dx ,dx') B, dxX’,dx’)
ik j
k#i
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Appendix C: Row Detail
A row of the Maxwell stress-energy tensor can be expressed as:

.= gy ([(Fu P {1+ () )

We wish to calculate: *d *([(Fi,Fj>]i+[<(* F)i,(*F)j>]i)

Consider the first term:
xd #[(F,,F)) :_; (d[<F' F'>]|)J<dxj’dxj> [[dF ) Py Fic [ dF ) {ax, dx)(dx’, )

Ekj( Fi),Figldx*, dx k><dx",dxl§ Z Fio[dFy),(dx*, dx*}(dx’, dx')
—JZ(dF )| Figlx*, dx*)(dx, dx) + <Fi,*d*F>

After rearranging the terms in a way that reverses the roles of j and k we have:
*d *[<Fi’ Fj>]i z (dFU)kFJk<ka’ka><dxj=dxj> + <Fi , *d*F>

and *d *[<(*F)i’(*F)j>]i = % (d(*F)ij)k(*F)jk<ka1dxk><dxj1dxj> - <(*F)i ; *dF>
The first sum shows a resemblance to:
(%dF,(%FJ;) == (dF”)kFJk<dxk,dx"><dxj,dxj>+zj: (d(*F ;) +F;{dx!,dx]) {dx', dx')

jk
k#i

(see Appendix B: Inner Products and Derivatives)
The first sum can be rewritten as:

Z (dF;)Fyldxt, dxt)(dx!, dx')

— —(xdF, (*F)>+Z( (#F) ) (+F ), {dx!, dx') (dx’ >+Z (dF,)F;ldx, dx) (dx’,dx)

= —(*dF,[*F))— Z(d(*F)J)I( Fi{dx!,dx!){dx’, dx>+zj:(dF) F.(dx',dx') {dx’,dx/)

Finally we have:
,Z (dF,) Fycldx, dx*)(dx’,dx’) + % (d(*F ;) *F )yl dx®, dx*) (dx!, dx)
:—<*dF,(*F)i>—Zj: (d(*F)ij)i(*F)ji<dxj,dxj><dxi,dxi>+zj: [dFy)F;ldx, dx) (dx!, dx)
+(xd F,F )= (d Fij)iFji<dxj,dxj><dxi,dxi>+zj: (d(*F);)(+F);(dx,dx’) (dx’, dx’)

]

= (F,,xd *F) — ([«F ), *dF)

So, *d *([<Fi,Fj>]i+[<(*F)i,(*F)j>]i) = 2<Fi . *d *F>—2<(*F)i , *dF>
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Appendix D: Interpreting with E's and B's

By examining the E and B field expressions in the stress-energy tensor, we can deduce some
energy and force expressions in terms of field derivatives. We proceed by taking the exterior
derivative (raised divergence) of rows and equating them to force. These expressions are
normally derived by using 3-d vector calculus identities.

Consider the first row of O . It expresses energy and terms of ExB .

1 (“E2c?B2 2 ExB) and  #d*o, =f, = —E-]

o,=
t
2u0

Now calculate *d o, directly:

raised o, = —

1 (E?*/c?+B?
2 ExB

2u,

so that *d*ofzia(gﬂE%&+Bﬂ+2V(Ex§
0]

to get V(Exé):——— u E-J

This relates the divergence of the pointing vector to time derivative of energy.

Consider a spacial row
1
Ox = ZH (<FX’ FJ> <(*F)X’(*F)1>)

:_%(EB ~E,B, , E*/c*-B2-B?, EE,/c*+B,B, , EXEz/c2+BZBX)
Yo
L (-E,B,+E,B, , BI-[(EX+EYic*, BB +EE/C’, B,B,+EE/C
ZMO X z y x =y y =x x =z z=x
:_ZL(EB -E,B, , E./c’+B;-B®, E,E,//c°+B,B, , EXEZ/02+BZBX)
Yo

1

( E,B,+E,B, , B2-(E-EZ)/c? , B,B +EE/c? , BXBZ+EZEX/02)
2Mo
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We get raised o, =

~E,B,+E,B,/c? E,B,—E,B,)/c’ —2(ExB),/c?
1| E2c*+B2-B? | 1 |BI-(E*-EYic’|_ 1 |2EYC*-E/c’+2B%-B?
2uo| E,E,/c’+B,B, | 2Wo| BB +EE,/c’| 2us| 2EE /c’+2BB,

E,E,/c*+B,B, B,B, +E,E,/c? 2E,E,/c?+2B,B,

Direct calculation of the divergence gives:

f, = *d*xo,

1 E B - = = —
- ZTLO(‘QZ(EXB)X/CZ - L E%/c*+B2)+2((VE,) E+E, [V Ejic+2((VB, .B+BX(V.B)))

To get:
f,= o|VEJEAE-VE ]+ [ (VB]B,+B-V BX]—%[V(eOEzwlosz)L_eoa(Exé)x

This relates force to the divergence of the fields, the gradient of energy, and the time
derivative of the pointing vector.
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Appendix E: Identities and Formulas

This is a collection of differential form identities that are useful when studying
electrodynamics. Some of these were proved in other appendices.

For F a 2-form:

Sgn (g) eiqu

Yipq = Eiqu<dxp’dxp><dxq’dxq> \/g—: <dxi dxi><dxj de&

*xF = sgn(g) F

For o a1-form and F a 2-form:
oo . .
xdxa=—). —ai'<dx',dx'>
i OX

(dF) = Y T dx)dx)
i ox’

For 1-forms o and § , and 2-forms A and B:
(a,B) = Zaiﬁi<dxi,dxi>

(A.B) =Y A,B,dx', dx’)(dx',dx/) = %Z A,B,ldx', dx){dx!,dx’) = % " (A,B)dx, dx]

i<j

<(*A)i’(*B)j>:_Sgn(g)<Aj1Bi> for i#j

O el

For 2-forms A and B:
[*A,+B) =sgn(g){A,B)

|A,*B)=—sgn(g){*A B
[A[+B]) = sgn(g)((*A},B)) for i#]

<>|<A,B>
{dx',dx')

<Ai’(*B)i> =sgn(g) <(*A)i’Bi> -
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For F the Faraday field tensor:

dF=0

*d *F=uoJ,

f, = Mio<Fi , *d *F>

<Fi’Fj>+<(*F)i,(*F)J> = 2<Fi’Fj>_%gij<F’F>

*d *([<Fi,Fj>]i+[<(*F)i,(*F)j>}i) = 2<Fi , *d >|<F>—2<(>|<F)i , *dF>
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